Core-Halo Collective Instabilities by Burov, Alexey
Core-Halo Collective Instabilities
Alexey Burov∗
Fermilab, PO Box 500, Batavia, IL 60510-5011
(Dated: August 28, 2018)
At strong space charge, transverse modes of the bunch core may effectively couple with those of
the halo, leading to instabilities well below the core-only transverse mode-coupling threshold.
Introduction.
Collective instabilities limit intensity of charged parti-
cle beams in many accelerators. Such instabilities, caused
by mutual interaction of the beam particles, lead either
to density degradation or to beam loss, full or partial.
Both, Coulomb fields of the bunch space charge (SC)
and wake fields left behind the particles, are generally
important in this respect. While the former change the
spectra of the individual and collective modes, making
them more or less prone to instabilities, the latter, being
non-Hamiltonian, are able to drive the instabilities.
Hereafter, a beam in a circular machine is modeled as
a single bunch, with short-range wakes only (no multi-
turn wakes), and with fully linear focusing. When wake
and SC fields can be neglected, frequencies of the bunch
transverse collective modes represent a series of equidis-
tant sidebands around the main transverse frequency, the
betatron frequency ωβ . Distances between the neighbor
sidebands are equal to the longitudinal frequency of the
bunch particles inside the potential well, the synchrotron
frequency ωs. In reference to the betatron frequency, fre-
quencies of the transverse collective modes Ωk represent
a series, Ωk = kωs, where integers k = 0, ±1, ±2, ...
serve as the mode numbers. For circular accelerators,
it is conventional to normalize all the beam frequen-
cies to the revolution frequency; the resulting values are
called tunes. However, for analysis of the collective mo-
tion, the revolution frequency does not mean much; it
makes more sense to normalize all the sidebands Ωk to
the synchrotron frequency instead, dealing with properly
normalized collective tunes νk = Ωk/ωs. With negligi-
ble interaction between the particles, the collective tunes
νk = k; however, SC and wake both shift the tunes from
these unperturbed values.
The wake force F is conventionally represented by the
wake function W (s) between two unit charges separated
by a distance s: F (s) = W (s) y/C0, where y is an offset
of the leading particle and C0 is the ring circumference,
see e.g. [1]. With these forces and without SC, the bunch
particles represent a set of identical harmonic oscillators,
acting on each other by linear forces F (s). The wakes
are normally causal, i.e. the trailing (or tail) particle
does not act back on the leading (or head) one, F (s) = 0
at s < 0, so Newton’s third law does not apply; wakes
make the system non-Hamiltonian. Nevertheless, this
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sort of bunch is stable below a certain threshold inten-
sity, since the equations of its collective dynamics reduce
to an eigensystem problem of a real non-degenerate ma-
trix; at zero wake it is diagonal and filled with consec-
utive integers k = 0, ±1, ±2, .... The collective tunes
are given by the eigenvalues of that matrix. With a non-
zero wake, some of the eigenvalues may become complex,
coming in pairs: if νk is the eigenvalue, then its complex
conjugate ν∗k is the eigenvalue too. Due to this fact, the
complex tunes with =ν 6= 0 may appear only after cou-
pling of two modes, whose real tunes become identical
at the threshold and get opposite imaginary parts only
above it. That is why the instability is called TMCI, the
transverse mode coupling instability.
With all the collective frequencies measured in units of
the synchrotron frequency, the same rule applied to the
SC frequency shift ∆ωsc requires the introduction of the
space charge parameter q = ∆ωsc/ωs as the measure of
its strength. The wake parameter w can be introduced
in a similar way, as ∼ NpW0 maxk dνk/d(NpW0), where
W0 is an amplitude of the wake function, Np is the num-
ber of particles per bunch, and the derivative is taken at
zero intensity; in other words, the wake parameter rep-
resents the maximal collective tune shift in the units of
the synchrotron frequency.
Influence of SC on the TMCI was considered in a series
of publications, starting from a pioneer work of M. Blask-
iewicz [2], followed by more detailed analysis of Refs. [3–
6]. It has been shown that the wake threshold wth almost
always grows linearly with SC,
wth ∝ q , (1)
as soon as SC is strong, q  1. For years, nobody pub-
lished anything about a certain strangeness of this stabil-
ity condition: its total insensitivity to the number of par-
ticles. Since both terms of Eq. (1) are proportional to the
bunch intensity Np, the latter simply cancels out. Thus,
were it correct, such a beam with sufficiently strong SC,
being stable at some intensity, would remain stable at
higher intensity, regardless of how much! This fantastic
conclusion followed from strict and thorough independent
analyses by the authors mentioned above in this respect.
Resolution of the conundrum was recently suggested
in Ref. [7]. According to that, a mistake, or rather un-
reflected prejudice, of the author himself and the related
community consisted in a tacit equating of instabilities in
general with absolute instabilities, i.e. instabilities in gen-
eral were equated with the existence of a collective mode
with the positive imaginary part of the tune, =ν > 0.
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2Well, this seemingly obvious equality is deceptive. Col-
lective instabilities do not reduce to absolute ones; this
family of beasts includes another genus as well, namely,
convective instabilities.
According to Landau and Lifshitz [8], a distinction be-
tween the two genera of instabilities can be described as
follows. For an absolute instability, initial perturbations
cause an unrestricted exponential growth everywhere in
the medium; to suppress it, a damping rate must ex-
ceed the nonzero growth rate. For the convective in-
stability, instead, there is only a spacial amplification,
and the perturbation eventually decays everywhere when
a dissipation is added, no matter how tiny. Generally
speaking, convective instabilities are not less dangerous
than absolute ones. Even if all the modes are stable in
the absolute sense, convective amplifications along the
bunch can be so large, that for all practical purposes the
beam would and should be considered unstable. Due to
the absolute stability, these convectively unstable modes
have their amplitudes still bounded; that is why such
modes may be characterized as saturating convective in-
stabilities, or SCI, in distinction with unbounded convec-
tive instabilities, UCI; the latter are known in linacs as
beam breakups. Resolution of the conundrum consists
in a demonstration that at strong SC, there is a sig-
nificant interval of the wake parameters corresponding
to an absolutely stable and convectively unstable bunch,
with large head-to-tail amplifications. The lower limit of
this interval is about the same as the TMCI threshold at
zero SC, w0th, while the upper limit is the TMCI thresh-
old wth(q) at the given SC parameter q  1; typically
wth(q)/w
0
th ' q. Since the amplification coefficient of
the SCI depends exponentially on the wake parameter,
the amplification quickly reaches a practically intolerable
level of hundreds and thousands. A convective instabil-
ity with large amplification can be considered as a special
metastable state: even a tiny, otherwise totally negligible,
tail-to-head feedback, provided by a multi-revolution or
a coupled-bunch wake could be sufficient to drive an ab-
solute instability. Thus, the latter can be called absolute-
convective instability, ACI. With sufficiently large ampli-
fication, any damper, including the conventional resistive
one, turns, in principle, into an ACI generator.
Keeping all this in mind, we still may imagine a bunch
without all these feedbacks, injection errors and aper-
ture limitations, and ask the question: could there be
anything at all in the bunch itself that can still limit
the amplifications of the convective instabilities at wake
parameters considerably below the TMCI threshold at
strong SC?
Core-Halo Interaction. Before trying to answer that
question, let us show what sort of reason is behind the
strange stability condition (1); what features of SC pro-
vide such a dramatic elevation of the TMCI wake thresh-
old, as it suggests. Well, this SC ability is caused by a
fact that both SC and wake tune shifts are typically of the
same sign; they are both defocusing. At strong SC, all
the modes with intra-slice motion are strongly detuned
from the rigid-slice modes, mostly coupled with wake;
modes of the opposite groups cannot cross, and modes
with non-rigid slices are insensitive to wake. Another im-
portant point is that typically wake mostly shifts (down)
the mode 0, responsible for bunch motion as a whole,
while other modes are shifted to a lesser extent, thus
wake works on the mode divergence. In short, that is why
TMCI vanishes at strong SC: the negative modes with
considerable intra-slice motion are SC-separated from 0th
and positive modes, while wake separates positive modes
even more. If the modes cannot couple and there are no
feedbacks, absolute instabilities are impossible.
At this point, however, we may recall that even at
strong SC the described reasoning breaks for some parti-
cles with large individual amplitudes, the halo particles,
which feel SC to lesser extent. Although the relative
number of such particles may be small, this small per-
centage could be compensated by a large amplification
coefficient of the core convective instability. An impor-
tant feature of the halo is that it is sensitive to wake but
less sensitive to SC, and its reduced sensitivity to SC is of
a different sort than that of the core. Specifically, the rar-
ified halo practically does not feel its own SC, only that of
the core, so all of its modes can be equally easily or non-
easily excited by the motion of the core; essentially they
are similar to no-SC modes, just shifted down a bit ac-
cording to the halo’s reduced SC tune shift, qh  q ≡ qc.
Nothing essentially prevents coupling between the core
and the halo modes, which effect can be dramatically en-
hanced by SCI of the core. Thus, we are coming to the
idea of the core-halo mode-coupling instability at strong
SC as an absolute instability, which wake threshold may
be well below the conventional core-only TMCI thresh-
old. To check this idea, we need a reasonable quantitative
model of the bunch collective dynamics, where both core
and halo modes can be taken into account.
ABS Model. For that matter, our single bunch in a
circular accelerator can be modeled similarly to Ref. [7],
assuming the same airbag square well (ABS) model of
M. Blaskiewicz [2]. The longitudinal potential well,
which keeps the beam bunched, is assumed to be square,
while all the bunch particles are supposed to have the
same synchrotron (longitudinal) frequency. The only
novelty we have to introduce here with this model is to
represent the bunch as consisting of two fractions, core
and halo, with different SC tune shifts and different pop-
ulations. Before doing this, though, let us write down
the conventional core-only ABS equations of motion in
the form of Ref. [7]:
∂ x
∂θ
+
∂ x
∂ψ
= iq(x− x¯) + i F ;
F (ψ) = w
∫ |ψ|
0
dψ′
pi
W (ψ′/pi)x¯(ψ − ψ′) ;
x¯(ψ) ≡ x(ψ)/2 + x(−ψ)/2 .
(2)
Here x = x(θ, ψ) is a slow amplitude of the transverse
oscillations at time θ, measured in the synchrotron ra-
3dians, and of the synchrotron phase ψ; the searched-for
function x is periodical on the latter variable, supposed
to change from −pi to 0 for the tail-to-head moving par-
ticles, or for the + flux, and from 0 to pi for the − flux,
moving back to the tail; the bunch length is 1 in these
units. The term ∝ q is the SC force, and F is the wake
force with W (s) as a dimensionless wake function; x¯(ψ)
is the local centroid. The dimensionless wake parameter
w keeps in itself all dimensional values of the problem; it
is defined as
w =
NpW0r0R0
4pi γ β2QβQs
, (3)
with Np as the number of particles, W0 as the amplitude
of the wake function in conventional units of Ref [1], r0 as
the particle classical radius, R0 as the average radius of
the machine, γ and β as the relativistic factors, Qβ and
Qs as the conventional betatron and synchrotron tunes.
Due to its phase space periodicity, the amplitude x can
be Fourier-expanded over the phase ψ, leading to a set of
ordinary homogeneous linear equations on the harmonics
An ≡ (2pi)−1
∫ pi
−pi x exp(−inψ) dψ:
iA˙n = nAn − q(An − A¯n)− w
∞∑
m=−∞
UnmA¯m ;
Unm ≡
∫ 1
0
ds
∫ s
0
ds′W (s− s′) cos(pins) cos(pims′) ,
(4)
with the centroid’s harmonic A¯n = (An + A−n)/2. This
form of the dynamic equations makes its generalization
for any number of bunch fractions fairly obvious: the
Fourier amplitude of every fraction satisfies the same
Eq. (4) with its own relative shift of the synchrotron
frequency ∆ωs/ωs and its own SC tune shift, i.e. with
n→ n(1 + ∆ωs/ωs) and its own parameter q. Each frac-
tion, weighed with its relative intensity, contributes to
the centroid A¯. As a result, the problem can be solved
with a reasonable accuracy in a reasonable CPU time,
leading to a straightforward analysis of continuous and
discrete van Kampen spectra [9], similar to Refs. [10, 11].
Here, however, a different approach is suggested and re-
alized.
Border of the Halo. Instead of presenting the bunch by
a sufficiently large number of fractions, let us consider it
as consisting of just two: the core and the halo, marked
with the corresponding indices c and h:
iA˙cn = nA
c
n +G
c
n − w
∞∑
m=−∞
UnmA¯m ;
Gcn ≡ −qc(Acn − A¯cn)− qhph(Acn − A¯hn) ;
iA˙hn = nA
h
n +G
h
n − w
∞∑
m=−∞
UnmA¯m ;
Ghn ≡ −qh(Ahn − A¯cn) ;
A¯n ≡ A¯cn + phA¯hn ,
(5)
where ph  1 is a relative population of the halo. For
zero wake, Eqs. (5) describe a Hamiltonian system, stable
for any choice of the remaining parameters.
The suggested two-fractional bunch model meets an
obvious question: how to define the halo tune shift qh?
Where should the borderline between the core and the
halo be drawn? Seemingly, there is no border in reality;
thus, wouldn’t whatever border of the model be as ar-
bitrary and artificial as any other? This paper suggests
a natural solution to this problem: let the system itself
make the decision! For the given wake and (core) SC pa-
rameters, w and q ≡ qc, let the halo relative SC tune shift
q˜ ≡ qh/qc be a free variable, and let us then find such
a value for it that corresponds to the highest instability
growth rate. That special value of the halo SC tune shift
would point to the most effective, most powerful, and
hence most important collective interaction, motivating
to take such halo border as the natural border. With
this dynamic definition, the border would be a function
of the wake and SC parameters. The above implies that
the halo relative population ph is a known function of its
parameter q˜; indeed, as soon as the bunch distribution
function is given, the population function can be com-
puted. For a transversely Gaussian bunch inside the lon-
gitudinal square well, the partial SC tune shift q˜ versus
two transverse actions Jx,y was found by Lopez [12]:
q˜L =
∫ 1
0
dz
I0(Jxz/2)− I1(Jxz/2)
exp(Jxz/2 + Jyz/2)
I0(Jyz/2). (6)
Here, the x direction is the one of the tune shift q; the
actions Jx,y are measured in units of their beam-average
values, or emittances, assumed to be equal here; I0,1 are
the modified Bessel functions. Now, the portion of par-
ticles p(q˜) whose tune shifts do not exceed q˜ is obtained
right away:
p(q˜) =
∫ ∞
0
∫ ∞
0
dJxdJyΘ(q˜L(Jx, Jy)− q˜)e−Jx−Jy , (7)
where Θ stands for the Heaviside theta-function. For
these general core-halo considerations, an approximation
of large actions suffices, leading to q˜L ' 3/(2Jx + Jy),
and, further, to the asymptotic expression of the halo
population function,
p(q˜) ' 2 exp(−1.5/q˜) . (8)
At a sufficiently small q˜, the distribution p is sharp; its
relative width δq˜/q˜ ' 0.7q˜; this fact supports the idea
to consider all the halo particles as having the same SC
tune shift, as soon as the halo border is sufficiently far.
Results. To demonstrate the general properties of the
instability, the simplest model wake function is chosen,
the Heaviside theta, W (s) = Θ(s). After that, the eigen-
system problems of Eqs. (5) are solved for the given wake
and SC parameters, with the halo parameter q˜ initially
free, but later assigned its natural value.
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FIG. 1. Instability growth rate versus the halo parameter
q˜ = qh/qc for the SC and wake qc = 10 and w = 4.
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FIG. 2. Centroid stroboscopic images of the core and halo
components of the most unstable core-halo mode for the same
q and w as in Fig. 1, at the most unstable q˜ = 0.29 . Waists
instead of nodes in the halo image tell about an absolute
instability.
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FIG. 3. Amplitudes and phases for the two fluxes of the core
and the halo for the same modes, +2 and +3 correspondingly,
as in Fig. 2. The core mode is convectively unstable, with its
+ and − fluxes in phase, while the halo mode is similar to
a typical no-SC modes having the + and − phases steadily
running with opposite signs.
Figure 1 shows an example of how the calculated
growth rate of the most unstable mode may depend on
the halo parameter; the exemplifying wake is ∼ 4 times
above its no-SC TMCI threshold, and almost an order of
magnitude below its TMCI threshold at this SC. The se-
quence of partially overlapped resonances of the core and
halo modes is dominated by the resonance with the center
at q˜ ≈ 0.29, the latter corresponding to the halo relative
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FIG. 4. Growth rates of the most unstable modes versus
wake parameter for three different SC parameters. Note the
conventional TMCI threshold for qc = 5 at w ≈ 15.
population ph ≈ 1%. For the lower values of q˜, the halo
would be too tiny, while for its higher values, SC depres-
sion of the mode coupling would be stronger; that is why
the maximally unstable halo parameter q˜ is somewhere
in between but not too close to 0 and 1. Figure 2 demon-
strates stroboscopic images of the core and halo centroids
of the most unstable eigenvector of Eqs. (5) at these pa-
rameters, <(x¯c exp(−ilφ)), l = 0, 1, 2, ..., taken with an
arbitrary phase advance φ, as if the oscillating centroids
were observed a certain number of times, revolution after
revolution, and the images superimposed. Figure 3 sug-
gests another representation of the same modes, showing
the absolute values and complex arguments of the posi-
tive and negative fluxes for their core and halo compo-
nents. The plots show that the core mode +2 is coupled
with the halo mode +3. At this core and halo SC param-
eters, the tune of the halo mode νh3 ≈ 3−qh = 0.1, which
indeed is very close to the tune of the core mode +2,
computed with the core-only model. The core mode is
convectively amplified, showing the typical cobra shape
and ACI phases in Fig. 3. This figure shows the halo
mode with almost constant amplitude and steadily run-
ning phase, which is typical to no-SC modes; its waists
instead of nodes at the right part of Fig.2 indicate an
instability.
Generally speaking, the halo’s ability to play a feed-
back role is reduced by its low population; however, am-
plification of the core mode, considerable wake parameter
and some halo SC tune shift enhance the core’s sensitiv-
ity to the halo’s oscillations, and thus may restore this
ability to a level sufficient for driving the ACI.
Growth rate of the most unstable mode versus wake,
with the natural halo parameters q˜, is presented in Fig. 4
for three values of SC. Growth rates that are too small
at w / 1 likely exceed the model accuracy, and should be
rather considered as indistinguishable from zero; appar-
5ently, the instability threshold cannot be correctly pre-
dicted by this core-halo model, which accuracy is lim-
ited by the simplification of the two-fractional approach.
What is clear though, is that the instability is already
significant for the wake parameters well below the TMCI
threshold. Note that the latter is clearly seen for q = 5 at
w ≈ 15, in agreement with the no-halo calculations [2].
The core-halo mode coupling suggests a new type of
collective instabilities of bunched beams at strong SC,
combining in themselves features of the TMCI and ACI.
Contrary to the pure convective modes of the core itself,
this instability is absolute; it may lead to the halo loss
and the core emittance growth. On the other hand, the
core-halo instability may be less limiting than the pure
convective instabilities of the core, which typically have
larger amplifications.
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